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Abstract In recen t y ears, the abilit y of p ositrons to bind to neutral atoms with

binding energies as large as 0.4 eV has b een demonstrated. These exotic

systems ha v e a tendency to form sub-systems as the relativ e in teraction

strength b et w een the di�eren t comp onen ts c hanges. The in v estigation

of these systems is pro viding unique insigh ts in to the w a y p ositrons

in teract with atoms and other complex electronic systems.

1. INTR ODUCTION

The p ositiv ely c harged p ositron is the an ti-particle of the electron. Its

theoretical prediction b y Dirac [1] and subsequen t exp erimen tal detec-

tion b y Anderson [2] w as one of the most startling ev en ts of 20th cen tury

ph ysics. In the subsequen t 70 y ears since its detection, it has gone from

b eing the most exotic particle in ph ysics, to a particle that is routinely

used to in v estigate v acancies and momen tum distributions in solid state

materials [3, 4].

This article is concerned with p ositron-atom ph ysics, the study of ho w

p ositrons in teract with atoms. There are a n um b er of features ab out

the electron-p ositron in teraction that lead to p ositron in teractions with

atoms b eing distinctly di�eren t than electron-atom in teractions. First,

there is the Coulom b in teraction b et w een the p ositron and the n ucleus

whic h results in a repulsiv e in teraction b et w een the p ositron and unp er-

turb ed atom. Ho w ev er, the attractiv e nature of the electron-p ositron

in teraction leads to electron-p ositron correlations that are exceptionally

strong. As a consequence, there is a tendency for the p ositron to form a

cluster with one of the atomic electrons whenev er it is in the vicinit y of

the atom. These clusters can b e regarded as something analogous to the

temp orary formation of the p ositronium (Ps) ground state. The third

di�erence is the p ossibilit y of electron-p ositron annihilation. A p ositron

and electron will tend to annihilate whenev er they come in to direct con-

tact and the lifetime of a p ositron when it is implan ted in a solid or liquid
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is t ypically of the order of 10

� 9

seconds. In the atomic and molecular

en vironmen t, an y b ound state complex that can b e formed will b e short-

liv ed with a 10

� 9

sec lifetime while in-
igh t annihilation of the p ositron

will alw a ys b e a p ossibilit y during a collision exp erimen t.

One of the fundamen tal goals of p ositron atomic ph ysics is to gain a

b etter understanding of the in teraction b et w een p ositrons and atoms (or

molecules). F rom this p ersp ectiv e, there can b e no more fundamen tal

question than whether a p ositron can form a b ound state with a neutral

atom or molecule. This question w as �nally settled in 1997 when t w o

indep enden t calculations demonstrated that p ositronic lithium, namely

e

+

Li w as electronically stable with a binding energy of ab out 0.06 eV

[5, 6].

2. GENERAL CONSIDERA TIONS

The question of whether a p ositron can bind itself to a neutral atom

and form an electronically stable b ound state has b een one of the longest

standing questions in p ositron ph ysics [7, 8] with a n um b er of negativ e

or inconclusiv e results [9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. In the �rst

instance, the static in teraction b et w een the atom and the p ositron is

repulsiv e ev erywhere, and therefore at �rst sigh t represen ts an en viron-

men t whic h is inimical to binding a p ositron.

Ho w ev er, the electronic c harge cloud of the atom, can adjust itself

to accommo date the presence of a nearb y p ositron. The p olarization of

the electron c harge cloud leads to an attractiv e in teraction b et w een the

p ositron and the atom. The p olarization p oten tial is kno wn to ha v e the

asymptotic form

lim

r !1

V

pol

( r ) �

� �

d

2 r

4

; (1)

where �

d

is the static dip ole p olarizabilit y . All of the equations in this

c hapter are giv en in atomic units for whic h a

0

= 1, e = 1, m

e

= 1

and �h = 1. A b ound state will o ccur when the attractiv e p olarization

p oten tial is large enough to o v ercome the repulsiv e in teraction with the

n ucleus.

There is another p ossible binding mec hanism. In circumstances where

the ionization p oten tial of the atom is less than 0.250 Hartree (the Ps

binding energy) it is p ossible for one of the v alence electrons to attac h

itself to the p ositron forming a Ps cluster. The p olarization of this

Ps cluster b y the Coulom b �eld of the residual singly c harged ion core

results in an attractiv e in teraction that can also lead to binding.
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2.1. Condition for Positron Binding

The condition for p ositron binding to an atom has a subtle dep en-

dence up on the ionization p oten tial, I , of the atom. If I is greater than

0.250 Hartree, then the question of p ositron binding is just a question

of whether the atom has a p ositron a�nit y , i.e. whether the ground

state energy of the e

+

A system is less than the ground state energy of

the neutral atom. Ho w ev er, if the ionization energy is less than 0.250

Hartree, the binding energy of the p ositron to the atom m ust exceed

( I

P s

� I = 0 : 250 � I ) Hartree otherwise the p ositron-atom complex will

disso ciate in to p ositronium plus a residual p ositiv ely c harged ion, i.e.

in to Ps + A

+

. When the paren t atom has an I < 0 : 250 Hartree one

m ust establish that the PsA

+

system is b ound.

The binding energy of the e

+

A system is de�ned as the binding energy

with resp ect to the lo w est energy disso ciation c hannel. The p ositron

a�nit y is de�ned as the binding energy gained b y the p ositron when it

is attac hed to the atom. The binding energy and p ositron a�nit y are

only equal for atoms with I > 0 : 250 Hartree.

2.2. Positron Annihilation

P ositron annihilation is a simple pro cess. Whenev er an electron and

p ositron come in to direct con tact they will annihilate. If the spin state

of the annihilating pair is a singlet ( S = 0) state, the dominan t deca y

pro cess is the 2 
 deca y . In the spin-triplet state the dominan t pro cess is

3 
 deca y . F or the simplest of all p ositron binding systems, p ositronium,

the singlet state deca ys at a rate equal to 4 � r

2

0

c= (8 � a

3

0

) = 8 : 0325 � 10

9

sec

� 1

. T riplet Ps deca ys at a rate of

2

9 �

( �

2

� 9) m

e

c

2

�

6

= �h = 7 : 211 � 10

6

sec

� 1

[19] (higher order terms in � act to reduce b oth of these rates

sligh tly). In these expressions, � is the �ne-structure constan t, r

0

is the

classical electron radius and c is the sp eed of ligh t.

Complications arise when a p ositron b ound to a complex electronic

system deca ys. The �nal state will consist of a residual ion in a sp eci�c

quan tum state with a recoil momen tum that dep ends on the cen ter of

mass momen tum of the annihilating electron-p ositron pair [20, 21, 22,

23, 24]. The net 2 
 annihilation rate of a p ositronic atom with w a v e

function 	( r

1

; : : : ; r

N

; r

0

) with N electrons resulting in the emission of

t w o gamma quan ta with total momen tum q is de�ned as

�( q ) = T N

Z

d

3

r

1

: : : d

3

r

N � 1

�

�

�

�

�

Z

d

3

r

N

e

i q � r

N

(2 � )

3 = 2

^

O

s

N

	( r

1

; : : : ; r

N

; r

N

)

�

�

�

�

�

2

:

(2)
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The second r

N

co-ordinate in eq.(2) denotes the p ositron. Since 	 is

an ti-symmetric for electron in terc hange, the index of the annihilating

electrons is set as i = N . T is a constan t de�ned as

T = 4 � r

2

0

c ; (3)

where r

0

is the classical electron radius. The op erator,

^

O

s

i

in eq.(2) is a

spin pro jection op erator to the singlet state of the p ositron-( i th electron)

pair, whic h can b e written as

^

O

s

i

= (1 �

1

2

S

2

e

i

;p

) : (4)

Equation (2) can b e in tegrated o v er q to giv e

� = T N

Z

d

3

�

�

�

�

^

O

s

N

	( r

1

; : : : ; r

N

; r

N

)

�

�

�

2

; (5)

where � is used to denote the complete electron phase space d

3

� =

Q

N

j =1

d

3

r

j

. The expression for � is the expression that is commonly

called the 2 
 annihilation rate in the literature. Equation (5) do es not

giv e the transition rate b et w een a w ell de�ned initial and �nal state.

This equation is a sum rule whic h adds up the individual transition

rates o v er all p ossible �nal states. All the annihilation rates presen ted

in this article are spin-aver age d and only tak e in to consideration the 2 


pro cess. The spin-a v eraged 2 
 annihilation rate for the Ps ground state

is 2 : 008 � 10

9

s

� 1

.

3. CALCULA TION TECHNIQUES

A calculation to establish p ositron binding is conceptually v ery simple.

First it is necessary to compute the energy of the paren t atom (or p ositiv e

ion). Then the energy of the e

+

complex is computed and binding is

established pro vided the e

+

A energy is lo w er than the energy of the e

+

+ A (or Ps + A

+

) disso ciation c hannel. It is of course imp ortan t that

the energy of the paren t atom b e computed v ery precisely .

3.1. The Sto c hastic Variational Metho d

The �rst rigorous calculations, demonstrating the existence of a p ositron

atom w ere done indep enden tly in 1997 and used similar tec hniques [5, 6].

In b oth cases the calculations w ere v ariational calculations that diago-

nalized the Hamiltonian in a basis set,

	 =

K

X

i

C

i

 

S M

S

( x ; A

i

) =

K

X

i

C

i

G ( x ; A

i

) �

S M

S

; (6)
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where A

i

is the matrix of gaussian exp onen ts and x is a v ector represen t-

ing the co-ordinates of all the particles. The spatial part of basis func-

tions w ere written as explicitly correlated gaussians (ECGs) [25, 26, 27],

i.e.

G ( x ; A

i

) = exp( �

1

2

N

0

� 1

X

�;� =1

A

i

��

x

�

x

�

) = exp ( �

1

2

x

y

A

i

x ) : (7)

These basis functions include the in ter-particle co ordinate b et w een ev ery

pair of particles as a quadratic term and N

0

is the n um b er of in teracting

particles. As a consequence they do a go o d job of represen ting the strong

electron-p ositron correlations. F or a long time ECG functions w ere re-

garded with disfa v or since exp onen tial functions with linear radial fac-

tors ha v e b etter asymptotic prop erties at large and small in ter-particle

distances. Ho w ev er, the Hamiltonian matrix elemen ts of the ECG basis

are amazingly simple and can b e computed v ery quic kly . This can com-

p ensate for the fact that generally more terms are required in the basis

set expansion.

The abilit y of v ariational metho ds using ECGs to obtain accurate

w a v e functions and precise energies dep ends crucially on the prop er op-

timization of the nonlinear parameters, i.e. the exp onen ts of the ECGs.

Classical optimization tec hniques are not e�ectiv e for an energy func-

tional than can ha v e b et w een 100 and 10000 free parameters. In the

Sto c hastic V ariational Metho d (SVM) [27, 28, 29, 30, 31, 32], the searc h

for the optimal set of exp onen ts is p erformed sto c hastically , i.e. via a

trial and error pro cedure.

3.2. Quan tum Mon te Carlo

There are a n um b er of v ariations on the Quan tum Mon te Carlo metho d

[33]. Most of the calculations on p ositron binding system ha v e used

the �xed no de Di�usion Mon te Carlo Metho d (DMC). The Sc hro dinger

equation is transformed in to a di�usion equation in imaginary time. The

solution is sim ulated b y the mo v emen t of a large n um b er of \w alk ers"

in 3 n -dimensional space ( n is the n um b er of electrons and p ositrons).

In the DMC the sim ulated di�usion is guided b y a trial w a v e function

whic h has to b e constructed prior to the sim ulation.

Calculations with the DMC ha v e b een most useful for systems at

the righ t hand end of the p erio dic table. These systems are not so

accessible to v ariational calculations since they ha v e more than 4 v alence

electrons. One asp ect of the DMC metho d that limits its usefulness for

p ositron binding systems is that it is relativ ely di�cult to calculate the

annihilation rate and only few calculations ha v e b een done [34, 35].
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3.3. Con�guration In teraction

The CI metho d is one of the standard approac hes for computing

atomic structures [36], so only a brief description needs to b e giv en here.

The atomic w a v e function is tak en to b e a linear com bination of states

created b y coupling atomic states with single particle p ositron states

using the usual Clebsc h-Gordan coupling co e�cien ts;

j 	; LS i =

P

i;j

c

i;j

h L

i

M

i

`

j

m

j

j LM

L

ih S

i

M

S

i

1

2

�

j

j S M

S

i

� �

i

( Atom ; L

i

S

i

) �

j

( r

0

) : (8)

In this expression �

i

( Atom ; L

i

S

i

) is an an tisymmetric atomic w a v e func-

tion with go o d L and S quan tum n um b ers. The function �

j

( r

0

) is a

single p ositron orbital. The p ositron orbitals and the electron orbitals

that mak e up the w a v e function are written as a pro duct of a radial

function and a spherical harmonic, viz.

� ( r ) = P ( r ) Y

l m

(
^

r ) : (9)

The main problem in applying the CI metho d to a p ositron binding sys-

tem is a consequence of the attractiv e electron-p ositron in teraction. The

electron-p ositron correlations are so strong that for some systems (e.g.

e

+

Na) it is b est to regard the electron and p ositron as coalescing in to

something appro ximating a p ositronium cluster. The accurate represen-

tation of a Ps cluster with single particle orbitals cen tered on the n ucleus

requires the inclusion of orbitals with quite high angular momen ta.

The �rst CI calculation able to con�rm p ositron binding to a neutral

atom w as carried out up on p ositronic copp er [37]. In the �xed core

mo del, e

+

Cu only had t w o activ e particles, the p ositron and the v alence

electron. This calculation had 120 electron and 120 p ositron orbitals

and a maxim um orbital angular momen tum of L

max

= 10. Despite the

large basis, the calculation w as only able to ac hiev e ab out 60% of the

exp ected binding energy .

Tw o criteria should b e satis�ed for the CI metho d to pro vide accurate

quan titativ e information. First, it m ust b e p ossible to v ary the n um b er

of orbitals for a �xed L systematically . This will establish con v ergence

in the radial basis for a particular L . It is also necessary to do calcula-

tions for a maxim um v alue of L close to 10. Although an extrap olation

pro cedure is needed to establish the L

max

! 1 limit, c ho osing L

max

su�cien tly large means the errors in tro duced b y the extrap olation can

b e minimized.

So far t w o approac hes satisfying these criteria ha v e b een dev elop ed.

One approac h is to generate a B-spline basis in a �nite range ca vit y , use

this to solv e the Sc hro dinger equation, and then analytically extrap olate
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the size of the ca vit y to 1 [38]. In an alternate approac h, the single

particle basis is constructed from Laguerre orbitals [39]. This basis can

then b e increased systematically and the con v ergence pattern used to

deduce the L

max

! 1 limit.

3.4. Fixed Core Hamiltonians

Ab-initio calculations with basis functions dep ending on ev ery pair

of particles for systems with more than 5 or 6 particles are just not

computationally feasible. Therefore, the �xed core appro ximation is

made in order to in v estigate systems with more than four electrons. The

mo del Hamiltonian used for calculations in the �xed core SVM metho d

(F CSVM) is describ ed in this section [32].

The Hamiltonian for an atom consisting of N

e

v alence electrons and

a p ositron is

H = �

1

2

r

2

0

�

P

N

e

i =1

1

2

r

2

i

+ ( � V

dir

( r

0

) + V

p 1

( r

0

))

+

P

N

e

i =1

( V

dir

( r

i

) + V

exc

( r

i

) + V

p 1

( r

i

)) +

P

N

e

i<j

1

r

ij

(10)

�

P

N

e

i =1

1

r

i 0

�

P

N

e

i<j

V

p 2

( r

i

; r

j

) +

P

N

e

i =1

V

p 2

( r

i

; r

0

) + �

^

P :

In this expression, the r

i;j

( i; j; > 0) refer to the electron co ordinates,

while r

0

refers to the p ositron co ordinate. The direct p oten tial for the

core is tak en from a Hartree-F o c k w a v e function and is the same (al-

though opp osite in sign) for the electron and the p ositron. The exc hange

p oten tial V

exc

, b et w een the v alence electron(s) and the Hartree-F o c k core

w as computed exactly . The p olarization p oten tial V

p 1

is a semi-empirical

p olarization p oten tial deriv ed from an analysis of the sp ectrum of the

paren t atom or ion. It has the functional form

V

p 1

( r ) = �

�

d

g

2

( r )

2 r

4

: (11)

The factor �

d

is the static dip ole p olarizabilit y , and g

2

( r ) is a cuto�

function designed to mak e the p olarization p oten tial �nite at the origin.

The same cuto� function w as adopted for b oth p ositrons and electrons

and w as de�ned to b e

g

2

( r ) = 1 � exp( � r

6

=�

6

) : (12)

The t w o-b o dy p olarization p oten tial w as de�ned as

V

p 2

( r

i

; r

j

) =

�

d

r

3

i

r

3

j

( r

i

� r

j

) g ( r

i

) g ( r

j

) : (13)

The v alue of � w as usually c hosen so that the computed binding energies

of the paren t atom matc hed those of exp erimen t. (Note, in the initial
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application of the �xed core F CSVM, calculations with and without

p olarization w ere done. The purp ose of doing t w o calculations w as to

demonstrate that predictions of e

+

binding w ere insensitiv e to the details

of the p olarization p oten tial. The mo del without p olarization p oten tials

w as called the F CSVM mo del and the mo del with p olarization p oten tials

called the F CSVM

pol

. In this c hapter, results are only presen ted for

mo del Hamiltonians including p olarization p oten tials and this mo del is

simply called the F CSVM mo del.)

The op erator

�

^

P =

X

i =1

� j �

i

ih �

i

j ; (14)

is an Orthogonalising Pseudo-P oten tial that acts to pro duce w a v e func-

tions orthogonal to the o ccupied core orbitals ( �

i

) pro vided a large

enough v alue is c hosen for � [40, 41]. The sum in eq.(14) is o v er all the

core orbitals. T ypical v alues of � ha v e ranged from 10

3

to 10

5

Hartree.

The Sc hmidt orthogonalization pro cedure, that is often used for CI cal-

culations, cannot b e usefully applied to orthogonalize the v alence particle

ECGs to the core orbitals.

The Hamiltonian just describ ed is not un usual (apart from the OPP)

and is similar to Hamiltonians that ha v e b een often used in atomic struc-

ture [42, 43] or electron-atom(ion) scattering [44] calculations. The CI

calculations of the UNSW group [38] use a Hamiltonian that is concep-

tually similar with some di�erences in detail (e.g. the radial form of the

p olarization p oten tial is obtained from man y-b o dy p erturbation theory .)

4. POSITR ON BINDING TO NEUTRAL

A TOMS

4.1. Heuristic Wa v e Function Mo del

It has b een suggested [45, 46, 47] that the structure of an y p ositronic

atom can b e heuristically written as

	 = a �( Atom ) � ( e

+

) + b 
( Atom

+

) ! ( P s ) : (15)

The �rst of these terms represen ts a p ositron mo ving in the �eld of a

p olarized atom while the second term represen ts a Ps cluster attac hed

to the residual ion (or atom). The relativ e strength of these t w o con�gu-

rations is determined b y the ionization p oten tial (or electron a�nit y) of

the atomic (or ionic) paren t. When the ionization p oten tial is less than

0.250 Hartree (the Ps binding energy) the most lo osely b ound electron

is attac hed to the p ositron forming a Ps cluster. Ho w ev er, when the

ionization p oten tial is greater than 0.250 Hartree, the tendency to form

a Ps cluster is disrupted b y the stronger attraction of the electron to the



Positr onic A toms 29

T able 1. Prop erties of the ( m

+

, e

�

, e

+

) system as a function of m

+

/ m

e

. The radial

exp ectation v alues h r

ij

i for the m

+

e

�

, m

+

e

+

and e

+

e

�

pairs are giv en in a

0

. The

total energies, energy of the ( m

+

; e

�

) sub-system and binding energies ( " ) are giv en

in Hartree. The 2 
 annihilation rate, �, is giv en in units of 10

9

s

� 1

. The notation a

b

is used to denote a � 10

b

.

m

+

m

e

E E " � h r i h r i h r i

( m

+

; e

�

) ( m

+

; e

�

; e

+

) m

+

e

�

m

+

e

+

e

+

e

�

0.700 � 0 : 20588235 � : 25000188 1 : 88

� 6

1.996 328 328 3.02

0.750 � 0 : 21428571 � : 25046466 4 : 647

� 4

1.823 24.8 25.3 3.31

0.800 � 0 : 22222222 � : 25168650 1 : 6865

� 3

1.661 13.7 14.7 3.65

0.900 � 0 : 23684211 � : 25597110 5 : 9710

� 3

1.332 7.65 9.60 4.47

1.000 � 0 : 25000000 � : 26200491 1 : 2005

� 2

1.044 5.49 8.55 5.49

1.100 � 0 : 26190476 � : 26910030 7 : 1956

� 3

0.789 4.37 8.81 6.83

1.200 � 0 : 27272727 � : 27676183 4 : 0346

� 3

0.575 3.68 10.0 8.71

1.300 � 0 : 28260870 � : 28464657 2 : 0379

� 3

0.395 3.22 12.5 11.6

1.400 � 0 : 29166666 � : 29252346 8 : 568

� 4

0.246 2.89 17.4 16.9

1.500 � 0 : 30000000 � : 30024173 2 : 417

� 4

0.124 2.65 29.9 29.7

1.600 � 0 : 30769231 � : 30770604 1 : 373

� 5

0.0287 2.47 111 110

1.620 � 0 : 30916031 � : 30916264 2 : 33

� 6

0.0123 2.44 237 237

paren t atom. The electron is more strongly attracted to the n ucleus and

the repulsiv e p ositron-n ucleus in teraction tends to break up the cluster.

These ideas ha v e b een illustrated b y t w o calculations that studied

p ositron binding to a con tin uum of mo del atoms with adjustable ioniza-

tion p oten tials. One calculation lo ok ed at p ositron binding to a mo del al-

k ali atom [46]. The mo del alk ali atom w as based on the so dium atom but

had an adjustable short-range p oten tial to tune the in teraction strength

b et w een the v alence electron and the core. A simpler v ersion of the

mo del e

+

-alk ali system is the ( m

+

, e

�

, e

+

) system with an adjustable

mass m

+

(note m

+

is used to denote the particle and its mass) [47]. This

system sim ulates an alk ali atom with di�eren t binding energies since the

( m

+

, e

�

) sub-system energy , E ( m

+

, e

�

) c hanges as m

+

c hanges. The

( m

+

, e

�

, e

+

) system can b e regarded as the simplest p ositronic atom and

table 1 lists its prop erties as a function of E ( m

+

, e

�

).

F or m

+

> m

e

, E ( m

+

; e

�

) > 0 : 250 Hartree, and the ( m

+

, e

�

) sub-

system is energetically similar to a group IB elemen t lik e Cu. Here

the ( m

+

, e

�

, e

+

) system can b e b est describ ed as e

+

w eakly b ound to a

p olarized ( m

+

, e

�

) atom. The h r

m

+

e

� i exp ectation v alue is almost the

same as the ( m

+

, e

�

) sub-system. The h r

m

+

e

+ i distance is v ery large

and the annihilation rate is small.
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When m

+

< m

e

, the ( m

+

, e

�

) sub-system is more akin to an alk ali

atom lik e Li. The ( m

+

, e

�

, e

+

) system is b est describ ed as a p olarized Ps

atom w eakly b ound to the m

+

particle. The h r

e

+

e

�
i distance is almost

the same as that of the Ps ground state (3.0 a

0

), and the annihilation

rate is almost equal to the Ps ground state. The h r

m

+

e

+
i and h r

m

+

e

�
i

distances rev eal that the electron and p ositron are b oth far a w a y from

the m

+

particle.

The 3-b o dy system is only stable for 0 : 205501 � E ( m

+

; e

�

) � 0 : 310175

Hartree and ac hiev es its maxim um energy when E ( m

+

, e

�

) = 0.250

Hartree. Qualitativ ely similar results w ere seen in the in v estigation of

p ositron binding to the mo del alk ali atom [46].

4.2. Existing Positron-Atom States

T ables 2 and 4 list the binding energies and other prop erties of a

n um b er of p ositron binding systems. The stabilit y of some of these

systems suc h as Ps

�

, Ps

2

and PsH ha v e b een kno wn for a long time [48,

49, 50] and recen t results are mainly presen ted for completeness. These

tables are not exhaustiv e, there ha v e b een other calculations for some

of these atoms that are not listed. A n um b er of the en tries come from

ongoing calculations aimed at impro ving the precision of the binding

energies and ha v e not y et b een published elsewhere.

F or all systems an accuracy estimate is giv en. In the case of calcula-

tions making the �xed core appro ximation, this accuracy estimate do es

not tak e in to consideration the accuracy of the underlying mo del Hamil-

tonian. The estimate giv es an accuracy assessmen t of the solution of the

Sc hro dinger equation for the mo del Hamiltonian. F or the v ariational

SVM and CI calculations, the accuracy estimate really giv es a measure

of the exten t to whic h the calculated binding energy underestimates the

exact binding energy of the mo del Hamiltonian. F or the DMC results,

the accuracy estimate giv es a measure of the statistical and other un-

certain ties of the DMC solution (as assessed b y the authors!).

The e

+

He(

3

S

e

) [24] and e

+

Li [5, 32, 52] systems ha v e only 3 and 4 ac-

tiv e particles resp ectiv ely and therefore the energies and w a v e functions

are v ery close to con v erged. They are ideal systems with whic h to v ali-

date the accuracy of the �xed core metho ds. The comparison b et w een

the SVM and F CSVM mo dels rev eals a lev el of agreemen t in binding

energies and exp ectation v alues that is b etter than 1%. Comparisons

for LiPs (table 4) do not pro vide suc h stringen t tests on the accuracy of

the F CSVM mo del since the SVM w a v e function, with 4 activ e electrons

and 1 p ositron has not con v erged to the same degree of accuracy .
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T able 2. List of electronically stable systems con taining a p ositron. The binding

energy and p ositron a�nit y (de�ned in the text) are giv en in Hartree while the mean

p ositron distance from the n ucleus h r

p

i is giv en in a

0

. The 2 
 annihilation rate, �

is giv en in units of 10

9

s

� 1

. The accuracy estimate refers to the binding energy (as

discussed in the text). An accuracy estimate of 100 % means that a larger calculation

could result in a doubling of the binding energy .

System Metho d Binding P ositron h r

p

i � Accuracy

and Ref energy A�nit y (%)

Ps 0.250 3.000 2.008 Exact

Ps

�

V ariational [51] 0.01200507 2.080 10

� 8

e

+

He(

3

S

e

) SVM [24] 0.0005924 15.77 1.900 10

� 2

e

+

He(

3

S

e

) F CSVM [24] 0.0005863 15.89 1.899 10

� 3

e

+

Li SVM [32, 52] 0.002471 0.054321 9.952 1.748 1

e

+

Li F CSVM [53] 0.002477 0.054362 9.966 1.743 10

� 3

e

+

Na F CSVM [53] 0.000473 0.062082 17.23 1.896 10

� 2

e

+

Cu F CSVM [54, 52] 0.005597 0.005597 8.663 0.578 1

e

+

Cu CI [38] 0.00625 0.00625 2

e

+

Ag F CSVM [45, 52] 0.00583 0.00583 8.293 0.614 1

e

+

Ag CI [55] 0.00452 0.00452 2

e

+

Be SVM [32, 52] 0.001687 0.001687 11.36 0.334 100

e

+

Be F CSVM [32, 52] 0.003147 0.003147 9.842 0.418 2

e

+

Mg F CSVM [32, 52] 0.015612 0.015612 7.018 0.955 15

e

+

Ca CI [56] 0.008099 0.03469 6.692 0.642 100

e

+

Zn F CSVM [58] 0.001425 0.001425 12.38 0.248 100

e

+

Cd CI [39] 0.003969 0.003969 9.963 0.216 50

Man y of these predictions of p ositron binding ha v e b een obtained b y

solving a mo del Hamiltonian and it is reasonable to question whether

these predictions are just an artifact of a particular mo del Hamiltonian.

The mec hanism resp onsible for binding is the in teraction b et w een the

p ositron and v alence electrons. The e�ect of the core is to pro vide the

underlying en vironmen t in whic h the v alence electrons and p ositron es-

tablish the b ound state. The underlying in teraction b et w een the core

and v alence electrons can b e c hanged quite dramatically without a�ect-

ing the prediction of p ositron binding. This p oin t can b e illustrated

b y lo oking at the e

+

Mg system in detail. F or example, a short range

in teraction can b e added to the electron part of the core p oten tial and

adjusted to strengthen or w eak en the in teraction with the v alence elec-

trons. The p ositron remains b ound to a mo del Mg atom for ionization

p oten tials ranging from 0.220 to 0.290 Hartree. Indeed it w as the pre-

diction of binding for I = 0 : 220 Hartree (close to the I for Ca) that

prompted the CI calculations that established the stabilit y of e

+

Ca [56].
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Figur e 1. The spin-a v eraged annihilation rate (in units of 10

9

s

� 1

) v ersus ionization

p oten tial or electron a�nit y (in eV) for a n um b er of p ositron binding systems.

Although e

+

Mg binding can b e established for a broad class of �xed-core

Hamiltonians, it is naturally still imp ortan t to mak e the mo del as accu-

rate as p ossible. The F CSVM calculation giv es 0.55192 and 0.83207 for

the Mg

+

and Mg binding energies. The exp erimen tal v alues are 0.55254

and 0.83353 [57] Hartree resp ectiv ely .

The group 1B systems, e

+

Cu and e

+

Ag ha v e eac h had the e

+

binding

energy predicted b y t w o indep enden t calculations. Although t w o com-

pletely di�eren t metho ds w ere used to solv e the Sc hro dinger equation

for the t w o activ e particles, the ma jor di�erence b et w een the calcula-

tions is in the represen tation of the core Hamiltonian. The CI calcula-

tions [38, 55] for e

+

Cu and e

+

Ag used a relativistic Hartree-F o c k w a v e

function to represen t the core, and used Man y Bo dy P erturbation The-

ory (MBPT) to compute the core-p olarization p oten tial (with empirical

scaling). The di�erences b et w een the calculated energies rev eals the dif-

ferences b et w een the t w o mo del Hamiltonians and pro vides an estimate

of the theoretical error bar.

The calculations of the annihilation rate supp ort the heuristic mo del

of the w a v e function describ ed b y eq.(15). The spin-a v eraged annihila-

tion rates as a function of ionization p oten tial (or electron a�nit y for

Ps binding systems) are sho wn in �gure 1. The annihilation rates are

smallest for Be and Zn whic h ha v e the largest ionization p oten tials. The
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Figur e 2. Electron-p ositron correlation functions for a n um b er of p ositronic atoms.

The core electrons w ere omitted when the correlation functions w ere computed.

3 p ositronic atoms whic h the smallest ionization p oten tials, e

+

Li, e

+

Na

and e

+

He(

3

S

e

) ha v e annihilation rates close to 2 � 10

9

s

� 1

.

The plots of the electron-p ositron correlation functions sho wn in �g-

ure 2 also sho ws the v ariation in the strength of the 
( Atom

+

) ! ( P s )

con�guration as a function of the paren t atom ionization p oten tial. The

correlation function, C ( R ) giv es the probabilit y of �nding the electron

and p ositron a distance R apart. F or a system with one v alence electron

it is de�ned,

C

ep

( R ) = 4 � R

2

Z

d

3

r

1

d

3

r

0

� ( r

1

� r

0

� R )

�

�

�

	( r

1

; r

0

)

�

�

�

2

: (16)

Systems with I < 0 : 250 Hartree suc h as e

+

Li, e

+

Na and e

+

He(

3

S

e

) ha v e

correlation functions whic h are v ery similar to that of the Ps ground

state.

4.3. The Attractiv e Positron-Atom In teraction

One of the remark able features of the calculations is the result that

the p ositron a�nit y exceeds the electron a�nit y for most of these atoms.

The p ositron a�nities for Li and Na are 0.0543 and 0.0621 Hartree

resp ectiv ely . The electron a�nities for Li and Na are 0.0227 and 0.0214

Hartree resp ectiv ely [59]. F or the group I I and I IB elemen ts, the stronger

attraction of the p ositron to the atoms is ev en more noticeable. F our
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of the atoms that bind a p ositron, Be, Mg, Zn and Cd will not bind an

electron. And for calcium, the electron a�nit y of � 8 � 10

� 4

Hartree [60]

is m uc h smaller than the p ositron a�nit y of 0.03469 Hartree. Only for

the group 1B atoms suc h as copp er and silv er do es the electron a�nit y

exceed the p ositron a�nit y .

P ositrons are also more strongly attracted to the rare gas atoms. The

scattering lengths for electron scattering from helium, neon, argon, kryp-

ton and xenon are 1.20 [61], 0.201 [62], � 1 : 46 [63], � 3 : 35 [64] and � 6 : 05

[65] a

0

resp ectiv ely . According to calculations that should b e reason-

ably accurate, the p ositron scattering lengths for helium, neon, argon,

krypton and xenon are � 0 : 48 [66], � 0 : 61 [67], � 5 : 3 [68], � 10 : 3 [69] and

� 45 : 3 [69] a

0

. The p ositron scattering lengths are without exception

more negativ e than the electron scattering lengths and this implies a

greater attraction at threshold. With reasonably reliable information

for 5 columns of the p erio dic table, one concludes that atoms in four of

these columns attract p ositrons more strongly than electrons.

4.4. Utilit y of the F CSVM for Larger Systems

Although the �xed core SVM (or F CSVM) has b een used to establish

p ositron binding to a n um b er of systems, the calculations on the larger

systems ha v e rev ealed some of its limitations. The F CSVM has b ecome

increasingly more di�cult and tedious to apply as the atoms ha v e gotten

larger and had more o ccupied orbits in the core.

The �rst problem concerns the sp eed at whic h the matrix elemen ts

are ev aluated. One of the primary reasons for the success of the SVM is

the sp eed with whic h the matrix elemen ts b et w een ECGs can ev aluated.

Inclusion of v arious core terms in the F CSVM Hamiltonian greatly in-

creases the amoun t of time to up date the matrix elemen ts during the

optimization pro cess.

Besides the slo w er matrix elemen t ev aluation, the larger systems ha v e

more complicated structures. The more complicated no dal structures of

the v alence electrons of larger atoms means that larger ECG expansions

are required to generate an accurate w a v e function. In addition, the

repulsiv e OPP p oten tial tends to mak e it more di�cult for the trial and

error searc h to establish binding.

The t w o largest systems for whic h F CSVM calculations w ere com-

pleted w ere KPs and e

+

Zn. The calculation time for eac h of these sys-

tems w as ab out 1 y ear eac h and ev en then the con v ergence of the binding

energy w as p o or. P ositronic calcium represen ted an ev en more di�cult

prop osition. Although it w as susp ected that e

+

Ca w ould b e electroni-

cally stable, F CSVM calculations on this system w ere terminated prior
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to �nding an y de�nite pro of of binding. A formal demonstration of

binding w as ev en tually pro vided b y the CI metho d [56].

One problem with the ECG basis is that the basis functions do not

matc h the ph ysical shap e of the w a v e function, for example, the p ositron

probabilit y distribution is usually v ery small close to the n ucleus. One

p ossible impro v emen t w ould b e to adopt the \global v ector represen-

tation" that w as dev elop ed to treat states with non-zero angular mo-

men tum [31, 27]. In systems whic h are spherically symmetric, the basis

functions are written

 ( A; x ) = Afj v j

2 k

e

�

1

2

x

y

A x

�

S M

S

g ; (17)

with

v =

N � 1

X

i =1

u

i

x

i

: (18)

The co e�cien ts u

i

and the p o w er of j v j are also v ariational parameters.

Cho osing k � 1 and u

i

appropriately w ould mak e it easier to construct

a p ositron distribution that is small in the inner regions of the atom.

This t yp e of basis function has b een used in pioneering non-adiabatic

calculations of molecular systems [70, 71].

4.5. Application of the CI Metho d

The fundamen tal source of di�cult y in using the CI metho d to in-

v estigate the structure of p ositronic atoms is its v ery slo w con v ergence.

The PsH system is used to illustrate the con v ergence problems since it is

relativ ely simple and it has (for a p ositron binding system) a relativ ely

fa v orable con v ergence pattern.

Brie
y , the w a v efunction is constructed from a CI expansion consist-

ing of pro ducts of single particle Laguerre t yp e orbitals. The Laguerre

exp onen ts of the electron and p ositron orbitals for a particular L v alue

w ere the same. Ev ery p ossible con�guration that could b e constructed

b y letting the electrons and p ositron p opulate the orbitals (up to a par-

ticular maxim um v alue of L ) without an y o ccupancy restrictions w as

included in the CI basis. The exp onen ts of the Laguerre basis for eac h

v alue of L w ere optimized man ually . The dimension of the calculation

for the largest basis w as 95324, and the eigen v alue problem w as solv ed

b y the Da vidson metho d [72].

In table 3, results are rep orted for a sequence of calculations with

successiv ely larger L v alues. The table rep orts the n um b er of electron

and p ositron orbitals for eac h L , the exp onen t of the Laguerre basis for

eac h L , the total 3-b o dy energy , annihilation rate and radial exp ecta-

tions. The largest calculation, with L

max

= 9 ga v e a binding energy
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T able 3. Results of CI calculations for PsH. The exp onen ts of the Laguerre functions

for a giv en L = L

max

are denoted b y �

e

and �

p

. The n um b er of electron orbitals and

p ositron orbitals for eac h L are denoted b y N

e

and N

p

. Radial exp ectations are in a

0

and � is giv en in units of 10

9

s

� 1

.

L

max

N

p

�

p

N

e

�

e

E h r

e

i h r

p

i h r

2

ep

i �

0 12 1.52 13 1.52 -0.6913342 2.118 3.866 24.51 0.374

1 23 1.75 24 1.75 -0.7470471 2.085 3.501 17.17 0.780

2 33 2.02 34 2.02 -0.7661688 2.121 3.447 15.66 1.075

3 42 2.12 43 2.12 -0.7750785 2.156 3.458 15.21 1.282

4 50 2.25 51 2.25 -0.7798445 2.184 3.482 15.08 1.431

5 58 2.40 59 2.40 -0.7826297 2.206 3.506 15.06 1.541

6 66 2.60 67 2.60 -0.7843610 2.223 3.527 15.08 1.627

7 74 2.85 75 2.85 -0.7854800 2.236 3.543 15.11 1.694

8 82 3.05 83 3.05 -0.7862481 2.245 3.557 15.14 1.748

9 90 3.25 91 3.25 -0.7867761 2.253 3.567 15.16 1.791

1 -0.7887952 2.298 3.644 2.279

SVM [81] -0.7891966 2.312 3.662 15.58 2.472

of 0.036776 Hartree, this represen ts only 93 : 8% of the exp ected binding

energy of 0.039197 Hartree.

Giv en the �nite exten t of computational resources, an extrap olation

tec hnique is used to estimate the L

max

! 1 limit. Making the assump-

tion that the successiv e incremen ts, X

L

to an y exp ectation v alue h X i

scale as 1 =L

p

for su�cien tly large L , one can write

h X i = lim

L

max

!1

�

L

max

X

L =0

X

L

+ �

1

X

L = L

max

+1

1

L

p

�

: (19)

The p o w er series is easy to ev aluate, the co e�cien t � is de�ned as

� = X

L

max

( L

max

)

p

: (20)

The exp onen t p can b e deriv ed from

�

L

max

L

max

� 1

�

p

=

X

L

max

� 1

X

L

max

: (21)

There is a considerable degree of uncertain t y attac hed to the extrap ola-

tion since the asymptotic form in L

max

(i.e. p ) is not kno wn. Ho w ev er,

the error in making the extrap olation can b e k ept to a reasonable size

b y making L

max

as large as p ossible. Supp ose 80% of the energy is giv en

b y explicit calculation, and also supp ose that error in the extrap olation
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correction (of the remaining con tribution to the energy) is 20%, then

the net error in the energy will b e 4%. F or PsH the net error in the

extrap olated energy is 1%. The annihilation rate is m uc h more slo wly

con v ergen t with L and here the error is 10%. An immediate goal for

the future is to use the CI metho d to giv e impro v ed binding energies for

e

+

Mg, e

+

Ca, e

+

Zn and e

+

Cd.

4.6. Other Positron Binding Atoms

The ob vious question is whether other atoms in the p erio dic table

will bind a p ositron? The answ er to this question is almost certainly

y es, and this immediately raises the next question, whic h atoms will

bind a p ositron? Guidance is pro vided b y the previously men tioned

in v estigation of p ositron binding to a mo del alk ali atom [46]. P ositron

binding o ccurred for mo del atoms in the range 0 : 1767 � I � 0 : 479

Hartree, with the binding energy largest for 0.250 Hartree.

The upp er limit of I � 0 : 479 Hartree is easy to understand. The

p olarization p oten tial b et w een the v alence electron and the p ositron is

the dynamical mec hanism resp onsible for binding. As I increases, the

e�ectiv e dip ole p olarizabilit y will decrease since �

d

� 1 =I

3

. When the

dip ole p olarizabilit y drops b elo w a critical v alue (the mo del calculation

giv es 23.5 a

3

0

) p ositron binding can no longer b e sustained. The critical

p olarizabilit y is a b etter measure of p ossible binding than I when I >

0 : 250 Hartree.

The lo w er limit I � 0 : 1767 Hartree can b e explained in terms of

the strength of the in teraction b et w een the electron and the core. As

I decreases b elo w 0.250 Hartree and approac hes the critical v alue, the

p ositronic atom ev olv es in to an A

+

Ps con�guration. The p olarization

in teraction with the residual ion alone results in a system whic h is on

the threshold of b eing b ound (the scattering length for Ps-p scattering

is ab out � 16 a

0

[74]). It is the strength of the in teraction b et w een the

electron (in Ps) and the core, as measured b y the ionization p oten tial I ,

that then determines whether binding will o ccur. One consequence of

this lo w er limit for I is that p ositron binding to the hea vier alk alis, K,

Rb and Cs do es not o ccur. There is explicit calculational evidence that

a stable e

+

K b ound state do es not exist [46, 75].

Rather than examine eac h atom of the p erio dic table as a candidate for

p ositron binding, it is b est to condense the information in to a simple rule.

An y atom satisfying 0 : 18 � I � 0 : 33 Hartree is probably a reasonable

candidate to bind a p ositron. This rule is crude, and the lo w er and upp er

limits are appro ximate, but it is a reasonable �rst appro ximation. Man y

atoms in the p erio dic table satisfy this criteria, including almost all of
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the transition metals. One area of uncertain t y relates to atoms with

non-zero angular momen tum with I < 0 : 250 Hartree, e.g. the group I I I

elemen ts, Al, Ga, In and Tl. These atoms ha v e a

2

P

o

ground state, and

therefore the e

+

A ground states w ould ha v e

1

P

o

or

3

P

o

symmetry . It is

not clear whether the cen trifugal barrier will act to inhibit binding.

5. POSITR ONIUM-A TOM ST A TES

P ositronium binding to atoms should not b e regarded as something

surprising. Regarding the Ps atom as something akin to an isotopically

ligh t H atom one immediately concludes that Ps binding should b e rather

common. The simplest atom to bind a Ps atom is h ydrogen, and the

PsH system w as one of the �rst kno wn p ositron binding comp ounds [19].

In tuitiv e considerations suggest that the PsA systems will consist of a

reasonably w ell de�ned Ps cluster attac hed to the rest of the atom. The

Ps cluster is not exp ected to b e greatly distorted since the Ps binding

energy is m uc h greater than the electron a�nit y for an y atom.

Historically , the halides w ere the �rst hea vier atoms kno wn to bind

Ps. This is to b e exp ected since the halides are c hemically reactiv e and

ha v e large electron a�nities. While there ha v e b een man y calculations

of Ps binding for the halides, and while these are generally regarded as

pro viding a reasonable demonstration of binding, the energy di�erences

b et w een the most recen t DMC calculations listed in table 4 indicate

that there is ro om for impro v emen t. One area requiring atten tion is the

calculation of the annihilation rates. All of the halogen-Ps systems are

exp ected to b e compact due to their large binding energies. They pro vide

an ideal theoretical lab oratory in whic h to study p ositron annihilation

in an atomic en vironmen t with high electron densit y .

The recen t SVM and F CSVM calculations of the alk ali-Ps systems

ha v e so far giv en the b est structural information. The results are sup-

p ortiv e of the in tuitiv e structure mo del describ ed earlier. In particular,

the annihilation rates for LiPs, NaPs and KPs are close to those of the

Ps ground state. The electron a�nities of Li, Na and K are all less than

1.0 eV, therefore the attraction of the most lo osely b ound electron to

the n ucleus is m uc h w eak er than its attraction to the p ositron.

The annihilation rates are only sligh tly larger than 2 � 10

9

s

� 1

for

LiPs, NaPs and KPs. This suggests that pick-o� annihilation, the anni-

hilation of the p ositron with electrons not part of the Ps cluster, mak es

a relativ ely small con tribution to the total annihilation rate.
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T able 4. List of atoms that can bind p ositronium or t w o p ositrons. The binding

energy is giv en in Hartree while the mean p ositron distance from the n ucleus h r

p

i is

giv en in a

0

. The 2 
 annihilation rate, �, (p er p ositron) is giv en in units of 10

9

s

� 1

.

System Metho d Binding h r

p

i � Accuracy (%)

and Ref energy

PsH v ariational [73] 0.0389197 3.662 2.472 10

� 4

LiPs DMC [35] 0.0116 12.7 2.02 � 0.10 10

LiPs SVM [32, 52] 0.012112 6.363 2.149 5

LiPs F CSVM [32, 52] 0.012341 6.393 2.156 0.5

NaPs F CSVM [53, 52] 0.008272 7.321 2.083 15

KPs F CSVM [76] 0.003275 8.042 2.019 50

CuPs CI [39] 0.003741 4.983 0.984 100

PsC DMC [77] 0.0176 20

PsO DMC [77] 0.0159 20

PsO DMC [78] 0.0309 20

PsF DMC [77] 0.072 20

PsF DMC [80] 0.1043 20

PsCl DMC [79] 0.0702 20

PsBr DMC [80] 0.0419 20

Tw o p ositron systems

Ps

2

SVM [81] 0.01600379 2.223 10

� 6

Ps

2

O DMC [78] 0.0467 2.3 10

e

+

PsH SVM [71] 0.021049 4.944 1.372 0.5

Li

+

Ps

2

F CSVM [71] 0.013404 7.397 1.941 5

Na

+

Ps

2

F CSVM [71] 0.006315 8.486 2.022 15

6. BINDING OF MUL TIPLE POSITR ONS

If the Ps atom is considered as a ligh t H atom there should b e man y

m ulti-p ositron comp ounds that can b e formed b y replacing h ydrogen

with p ositronium. F or example, the Quan tum Mon te Carlo metho d had

b een used to sho w that w ater, H

2

O has a p ositronic analog, namely Ps

2

O

[78]. There is ev ery lik eliho o d that ev en more exotic comp ounds, suc h

p ositron substituted methane CPs

4

or b enzene C

6

Ps

6

are also stable [7].

Suc h comp ounds requiring the substitution of t w o or more protons are

most lik ely to remain theoretical curiosities since it is di�cult to imagine

them b eing formed in an exp erimen t.

A t a more fundamen tal lev el, the SVM has b een used to sho w that it

w as p ossible to bind a p ositron to p ositronium h ydride, and that e

+

PsH

w as stable [82]. This prompted calculations to test whether a p ositron

could b e attac hed to LiPs and NaPs. These w ere so on sho wn to b e

electronically stable but b est denoted as Li

+

Ps

2

and Na

+

Ps

2

[53, 71].
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The calculations on e

+

PsH, Li

+

Ps

2

and Na

+

Ps

2

sho w ed that once

again the structure is largely determined b y the comp etition b et w een

the n ucleus and p ositrons to bind the v alence electrons. The sc hematic

form for the w a v efunction suggested b y the calculations is

	 = a �( Atom ) � ( P s

+

) + a

0

�

0

( Atom : P s ) �

0

( e

+

) + b 
( Atom

+

) ! ( P s

2

) :

(22)

When the ionization p oten tial of the neutral atom is less than 0.250

Hartree, the addition of the extra electron and the t w o p ositrons leads

to formation of a Ps

2

molecule whic h is then b ound to the residual ion

core. The Ps

2

dominates b ecause the t w o most w eakly b ound electrons

are eac h more strongly attracted to a p ositron and therefore b � 1. Sim-

ilarities of the Ps

2

, Li

+

Ps

2

and Na

+

Ps

2

annihilation rates pro vides a

go o d indicator of Ps

2

cluster formation (in ter-particle correlations also

pro vide dramatic evidence of cluster formation [53]). Ho w ev er, the for-

mation of the Ps

2

cluster is inhibited when the neutral atom has a larger

ionization p oten tial. F or example, the e

+

PsH system has an annihilation

rate (p er p ositron) of 1 : 37 � 10

9

s

� 1

and the in ter-particle exp ectation

v alues are signi�can tly di�eren t from those of Ps

2

[53, 71].

7. CONCLUSION AND OUTLOOK

The existence of p ositron-atom b ound states and the abilit y to calcu-

late their w a v e functions giv e unique insigh ts in to ho w p ositrons in teract

with complex electronic systems. F or the last t w o decades the theoretical

emphasis has b een on scattering calculations. Ho w ev er, the theoretical

uncertain ties inheren t in b ound state calculations are smaller than those

asso ciated with scattering calculations and this allo ws for b etter under-

standing of the dynamics of p ositron-atom in teractions.

The adv an tages of the b ound state approac h can b e seen b y compar-

ing the situation for the similar Ps-He and Ps-Li

+

systems. There ha v e

b een a n um b er of di�eren t exp erimen ts and calculations for the Ps-He

scattering. The situation is b est describ ed as confused since no t w o ex-

p erimen ts giv e the same scattering length, and the same is true of the

calculations [83, 84]. Ho w ev er, the binding energy of the Ps-Li

+

sys-

tem is probably kno wn with an accuracy of ab out 1%. E�ectiv e range

theory then can b e used to deduce the Ps-Li

+

scattering length with-

out in tro ducing an y ma jor additional uncertain t y . In all lik eliho o d, the

resolution of the Ps-He confusion will come when one of the theoretical

groups decides to v alidate their tec hniques b y �rst computing the Ps-Li

+

scattering length (or binding energy).

One of the more in teresting features of these systems is the tendency

for sub-systems to form as the relativ e in teraction strength b et w een the



Positr onic A toms 41

di�eren t comp onen ts c hanges. In this resp ect, these systems ha v e struc-

tures more lik e n uclear systems than normal atoms. The formation of � -

particle clusters inside n uclei o ccurs for the same reason that Ps-clusters

form in p ositronic atoms; it is a result of the attractiv e in teractions b e-

t w een the individual particles. It is also notorious that metho ds (shell

mo del for n uclei, CI for atoms) based on single particle orbitals (cen tered

at a single p oin t) �nd it di�cult to describ e these clusters accurately .

So far, p ositron binding has mainly b een established for the \easy"

atoms of the p erio dic table with one or t w o v alence electrons outside

the core. Impro v ed calculational tec hniques are required to study atoms

with more v alence electrons and non-zero angular momen tum. One topic

of particular imp ortance is the dev elopmen t of pro cedures to reliably

calculate the annihilation rate with core electrons since this is a long

standing problem in the p ositron annihilation sp ectroscop y of metals.

Ac kno wledgmen ts

Man y p eople ha v e pro v ed helpful in progressing this researc h. Prof

D. Sc hrader pro vided in v aluable bac kground information ab out p ositron

ph ysics, Dr R. Drac hman has corrected our naming con v en tions, Dr

G. Gribakin has carefully scrutinized our w ork, made man y p ositiv e

suggestions and p oin ted out mistak es, Dr K. V arga assisted in mo di-

fying the SVM to handle �xed cores, and Dr B. Lewis has let us run

calculations (for mon ths at a time!) on his fast w orkstation at ANU.

References

[1] P . A. M. Dirac, Pro c. Cam b. Philos. So c. 26 361 (1930).

[2] C. D. Anderson, Ph ys. Rev. 43 491 (1933).

[3] P . J. Sc h ultz and K. G. Lynn, Rev. Mo d. Ph ys. 60 701 (1988).

[4] M. J. Pusk a and R. M. Nieminen, Rev. Mo d. Ph ys. 66 841 (1994).

[5] G. G. Ryzhikh and J. Mitro y , Ph ys. Rev. Letts. 79 4124 (1997).

[6] K. Strasburger and H. Cho jnac ki, J. Chem. Ph ys. 108 3218 (1998).

[7] D. M. Sc hrader and R. C. W edlic h, in F rom A toms to P olymers: Iso electronic

analogies, edited b y J. F. Liebman and A. Green burg (Wiley-V CH, NY, 1989).

[8] D. M. Sc hrader, Nucl. Instrum. Metho ds B 143 209 (1998).

[9] P . Ca v aliere and G. F erran te, Nuo v o Cimen to 14B 127; ibid 147 (1973).

[10] D. C. Clary , J. Ph ys. B 9 3115 (1976).

[11] R. J. Drac hman, Y. K. Ho and S. K. Houston, J. Ph ys. B 9 L199 (1976).

[12] F. H. Gertler, H. B. Sno dgrass and L. Spruc h, Ph ys. Rev. 172 110 (1968).

[13] S. Golden and I. R. Epstein, Ph ys. Rev. A 10 761 (1974).

[14] E. A. G. Armour, J. Ph ys. B 11 2803 (1978).

[15] H. A. Kurtz and K. D. Jordan, In t. J. Quan t. Chem 14 747 (1978).



42

[16] R. Szm yto wski, J. de. Ph ys. I I 3 183 (1993).

[17] V. A. Dzuba, V. V. Flam baum, G. F. Gribakin and W. A. King, Ph ys. Rev. A

52 4541 (1995).

[18] R. P . McEac hran and A. D. Stau�er, Nucl. Inst. Metho ds B 143 199 (1998).

[19] A. Ore and J. L. P o w ell, Ph ys. Rev. 75 1696 (1949).

[20] R. M. F errell, Rev. Mo d. Ph ys. 28 308 (1956).

[21] Change Lee, So v. Ph ys. JETP 6 281 (1958).

[22] S. M. Neam tan, G. Darewyc h and G. Oczk o wski, Ph ys. Rev. 126 193 (1962).

[23] R. J. Drac hman, 1995 in The Physics of Ele ctr onic and A tomic Col lisions , edited

b y L. J. Dub e, J. B. A. Mitc hell, J. W. McConk ey , and C. E. Brion (AIP , New

Y ork), V ol. XIX, p. 369.

[24] G. G. Ryzhikh and J. Mitro y , J. Ph ys. B 32 4051 (1999).

[25] S. F. Bo ys, Pro c. R. So c. London Ser.A 258 402 (1960).

[26] K. Singer, Pro c. R. So c. London Ser.A 258 412 (1960).

[27] Y. Suzuki and K. V arga, Sto chastic V ariational Appr o ach to Quantum-

Me chanic al F ew-Bo dy Pr oblems. (Springer, NY 1998).

[28] V. I. Kukulin and V. M. Krasnop olsky , J. Ph ys. G 3 795 (1977).

[29] K. V arga and Y. Suzuki, Ph ys. Rev. C 52 2885 (1995).

[30] K. V arga and Y. Suzuki, Comp. Ph ys. Comm un. 106 157 (1997).

[31] Y. Suzuki, J. Usukura and K. V arga, J. Ph ys. B: 31 31 (1998).

[32] G. G. Ryzhikh, J. Mitro y and K. V arga, J. Ph ys. B 31 3965 (1998).

[33] B. L. Hammonds, W. A. Lester Jr and P . J. Reynolds, Monte Carlo Metho ds in

ab-initio Quantum Chemistry (W orld Scien ti�c, Singap ore 1994).

[34] N. Jiang, and D. M. Sc hrader, J. Chem. Ph ys. 109 9430 (1998).

[35] M. Mella, G. Morosi and D. Bressanini, J. Chem. Ph ys. 111 108 (1999).

[36] A. Hibb ert, Rep. Prog. Ph ys. 38 1217 (1975).

[37] J. Mitro y and G. G. Ryzhikh, J. Ph ys. B 32 2831 (1999).

[38] V. A. Dzuba, V. V. Flam baum, G. F. Gribakin and C. Harabati, Ph ys. Rev. A

60 3641 (1999).

[39] M. W. J. Bromley , J. Mitro y and G. G. Ryzhikh, Nucl. Instrum. Metho ds B 171

47 (2000).

[40] V. M. Krasnop olsky and V. I. Kukulin, So v. J. Nucl. Ph ys. 20 883 (1974).

[41] J. Mitro y and G. G. Ryzhikh, Comp. Ph ys. Comm un. 123 103 (1999).

[42] A. Hibb ert, 1989 Ph ys. Scr. 39 574 (1989).

[43] J. Mitro y , J. Ph ys. B 26 3703 (1993).

[44] J. Mitro y and D. W. Norcross, Ph ys. Rev. A 37 3755 (1988).

[45] G. G. Ryzhikh and J. Mitro y , J. Ph ys. B 31 5013 (1998).

[46] J. Mitro y , M. W. J. Bromley and G. G. Ryzhikh, J. Ph ys. B 32 2203 (1999).

[47] J. Mitro y , J. Ph ys. B 33 5307 (2000).

[48] J. A. Wheeler, Ann. N. Y. Acad. Sci. 68 278 (1946).

[49] E. A. Hylleraas and A. Ore, Ph ys. Rev. 71 493 (1947).

[50] A. Ore, Ph ys. Rev. 83 665 (1951).



Positr onic A toms 43

[51] Y. K. Ho, Ph ys. Rev. A 48 4780 (1993).

[52] The results tabulated for this system ha v e not b een published. They w ere tak en

from ongoing calculations and usually represen t v ariational re�nemen ts of existing

published n um b ers.

[53] J. Mitro y and G. G. Ryzhikh, J. Ph ys. B 32 L621 (1999).

[54] G. G. Ryzhikh and J. Mitro y , J. Ph ys. B 31 4459 (1998).

[55] V. A. Dzuba, V. V. Flam baum and C. Harabati Ph ys.Rev. A 62 042504 (2000).

[56] M. W. J. Bromley and J. Mitro y , J. Ph ys. B 33 L325 (2000).

[57] S. Bashkin and J. O. Stoner, A tomic Energy Lev els and Grotrian Diagrams, V ol

I and I I (NH; Amsterdam 1975).

[58] J. Mitro y and G. G. Ryzhikh, J. Ph ys. B 32 1375 (1999).

[59] Handb o ok of Chemistry and Ph ysics, eds D. R. Lide and H. P . R. F rederikse

(Bo ca Raton Fl, CR C Press 1993).

[60] V. V. P etrunin, H. H. Andersen, P . Balling and T. Andersen, Ph ys. Rev. Lett.

76 744 (1996).

[61] R. K. Nesb et, Ph ys. Rev. A 20 58 (1979).

[62] T. F. O'Malley and R. W. Crompton, J.Ph ys.B 13 3451 (1980).

[63] Z. Lj P etro vic, T. F. O'Malley and R. W. Crompton, J.Ph ys. B 28 3309 (1995).

[64] M. J. Brennan and K. F. Ness, Aust. J. Ph ys. 46 249 (1993).

[65] B. Sc hmidt, K. Berkhan, B. Gotz and M. Muller, Ph ys. Scr. T53 30 (1994).

[66] J. W. Hum b erston, Adv. A t. Mol. Ph ys. 15 101 (1979).

[67] R. P . McEac hran, A. G. Ryman and A. D. Stau�er, J. Ph ys. B 11 551 (1978).

[68] A. W. Y au, R. P . McEac hran and A. D. Stau�er, J. Ph ys. B 11 2907 (1978).

[69] R. P . McEac hran, A. D. Stau�er and L. E. M. Campb ell, J.Ph ys. B 13 1281

(1980).

[70] D. B. Kinghorn and L. Adamo wicz, Ph ys. Rev. Lett. 83 2541 (1999).

[71] J. Zs Mezei, J. Mitro y , R. G. Lo v as and K. V arga, Ph ys. Rev. A (under review).

[72] A. Stathop olous and C. F. Fisc her, Comp. Ph ys. Comm un. 79 269 (1994).

[73] Z. C. Y an and Y. K. Ho, Ph ys. Rev. A 59 2697 (1999).

[74] J. Mitro y , Aust. J. Ph ys. 48 893 (1995).

[75] J. Y uan, B. D. Esry , T. Morishita and C. D. Lin, Ph ys. Rev. A 58 R4 (1998).

[76] J. Mitro y and G. G. Ryzhikh, J. Ph ys. B 32 3839 (1999).

[77] D. Bressanini, M. Mella and G. Morosi, J. Chem. Ph ys. 108 4756 (1998).

[78] N. Jiang and D. M. Sc hrader, Ph ys. Rev. Letts. 81 5113 (1998).

[79] D. M. Sc hrader, T. Y oshida and K. Iguc hi, Ph ys. Rev. Lett. 68 3281 (1992).

[80] D. M. Sc hrader, T. Y oshida and K. Iguc hi, J. Chem. Ph ys. 98 7183 (1993).

[81] J. Usukura, K. V arga and Y. Suzuki, Ph ys. Rev. A 58 1918 (1998).

[82] K. V arga, Ph ys. Rev. Lett. 83 5471 (1999).

[83] S. K. Adhik ari, P . K. Bisw as and R. A. Sultano v Ph ys. Rev. A. 59 4829 (1999).

[84] M. Sk alsey , J. J. Engbrec h t, R. K. Bithell, R. S. V allery and D. W. Gidley ,

Ph ys. Rev. Lett. 80 3727 (1998).


